Transport and a Goldilocks Search
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First, lets define our equations.

oh |
i VE(hlLt) =0 thickness plays the role of pressure (uniform density).

ot

?)_? + (a) + f)lg Xu=—gV(h+h,)— %VH@HZ velocity is in the tangent plane.

W = ISE(V X gt) only keep track of the vertical component of vorticity.

N=w+ f definition of absolute vorticity.
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And add tracer transport ...
24
Dr

0

U
e R

At some time, t;, we tag all particles

in the fluid with an additional label that
represents the value of the tracer (q)
field.

This label is “conserved” (i.e. does not

change) as the particle moves through
the fluid, thus (by definition): Dg/Dt = 0.

Note that q is a concentration, i.e. q has
units of kgsome’rhing/kgmass-
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Unfortunately (as we will see later), we
are not able to remain in the Lagrangian
reference frame, so recall 24_9% , &, .

Dt ot
a—h+VE(hgt)=O
ot

h a—q+qu =0 q a—h+VE(hgt) =0
Ot 1 ot .

ha—q+hqu=O qa—h+qVE(hu)=O
Ot ot “’
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Next, let's define our physical setting.

The SW equations are
discretized on the sphere.

There is a mountain located
at 30N. As we will see, this
mountain profrudes through
the fluid to create an island.

Before t=0 times, the flow is
in geostrophic balance with a
jet of 20 m/s at the equator,
decaying to zero at the poles.

At t=0, the mountain appears
instantaneously creating a
large forcing to which the
flow has to adjust.
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e oat : S b,
Some motivation ... simulation of — =0

P

100G _
BGG
eCG
400G

200

Gz

Recall that the particle tags should be invariant in fime.
Also note that at =0, there are only two types of labels: O and 1000.
By the end, there are very few locations with 1000 (the scheme is diffusive).
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Transport and Monoftonicity

Dq
Dt
min(q(t =t,)) < g <max(qg(t=t,) Vt>t, <—— New extrema are not allowed.

The particle perspective of =0 leads to the following conclusions:

Y
1 o o
it ZOC i4; ;20 <— New values are an interpolation of old values.
! N

O<a =1, ZOCJ. = | «— required for consistency

j=
The transport conundrum
b 1) Monotonicity is a property of

the continuous operator.

S

2) Godunov (1959) proved that
only 15'-order accurate
intferpolators have the properties
to guarantee monotonicity.

= e
cccccc ¢ Los Alamos

AAAAAAAAAAAAAAAAAA



Why not pose the problem in the reference
frame moving with the fluid?

s
PE Y.

By construction, particle tags
(or regions of fluid given a
single tag) remain unchanged,
so the method is non-diffusive.

Y
note: qf+1=206jq;7 o, =0 Vj#i
=1
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Tracking these rapidly deforming regions in
time Is a huge challenge.

time

contour surgery

Contour surgery tracks the
evolution of vortex lines, so
it is a fully-Lagrangian method.

A significant amount of effort is
required to clip filaments that
get too thin.
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So if we cant track a specific fluid region
for long-times, we are compelled to make
use of a fixed-grid in some manner.

So we basically have two choices for our tracer equation:

TR J semi-Lagrangian methods
., _q + MWQ = () global spectral methods
or foka spectral element methods

mesh-free finite-difference methods

finite-volume methods
ey =
r VEU’LQIL!) 0 discontinuous Galerkin methods

spectral element methods

The chemistry models used in climate-mode essentially
require a conservative form of tracer transport (i.e. the flux form).
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That said, the advective form has been used with great success
in weather prediction models using semi-Lagrangian transport.

Dq
Dt

1) start with =-()d

2) integrate along a particle backward in

time from tend to tbegin,n Where we interpolate to evaluate RHS
require the particle to “land” on the find q(tbegin) along particle
mesh at teng. trajectory.
3) using mesh values of q, interpolate to , /

, integrate backwards
find the value of q at the location where in time to find particle

the particle resided at tpegin. position at thegin

4) set q(tend) & Q(tbegin)

note: sources of q need to be evaluated along the particle trajectory.
/@-Offce of
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For the remainder of the presentation we will
focus on the flux-form of tracer transport.

The flux-form of tracer transport is useless without

a mass equation, because while our prognostic variable
is (hqg), in the end we are interested in q.

The procedure in time:

hn+1 = h" — dt [VEUZ%)] overbar denotes possible time-averaging
(hq)"" =(hq)" - dt [Ve(hqu)]

qn+1 i (hQ)n—i_1
hn-l—l
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Spatial discretization: Start in 1D, assume u is given.

|

h,q U  hgq u hgq = U  hgqg U hgqg

hinﬂ =h; —dt (i\lRlitR) R ]:l\LuL):I/dli

(hq)!"" =(hq)! - dt | Gehyite)— G,hyu,) | /dl

If q is a constant, the tracer equation reduces to the
mass equation. Is there a simple way fo guarantee that
this will be the case in our discrete system?
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Mass/tracer consistency.

hin+1 =h; —dt :(]:;Rl,itR) A };L%L)]/dli

(hq)!™" = (hq); —dt | (Ggheug)— 3, h,u,) |/dl

Let MR b thLtR and M, = ﬁLlLtL'

R =n—dt (M) - M))]/dl,

(hq)'™" = (hq)' —dt[(M ,q,)— M,q,)]/dl,

Expressing the tracer flux as the mass flux times some ¢
AND guaranteeing that g is an interpolation of it neighbors

(i.,e. g is bounded by neighbor data) is sufficient fo ensure that a
constant ¢ remains constant and reduces to the mass equation.
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Spatial discretization: Start in 1D, assume u is given.

hy .4,

hinﬂ =h; —dt :(};RE’R) B, ]:;Ll,itL):I/dli

(hq)!"" =(hq)! - dt | Gehyite)— G,hyu,) | /dl

No matter how fancy, intricate or complicated
the transport scheme is, it can always be boiled
down to two questions:

1) What is h?

2) What is g ?
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Determining ¢ : High-order interpolation

We have our data defined at our nodes, our task is to determine é at the interfaces.

We can think of our node data as a sampling from the underlying continuous
field, so fitting the data with a high order (and therefore formally accurate)
polynomial makes sense.

Assessment

1) This is a very
accurate reconstruction
(9th order, in fact).

2) The reconstructed
é is “out of bounds” in
that it overshoots and
undershoots all of the
mesh data.

Q
=
o
>

3) These over/under
shoots can, in some cases, node location
contaminate the simulation.
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Determining g: Low-order intferpolation

-3 assume a constant velocity from left to right

; : Y A
1) Assume a piece-wise v @
constant reconstruction. 3
2) Recognize that the o, =L

transport is from left to
right and set g to its

O

upstream neighbor.

value

P,
P

3) Since the reconstruction
is only 15" order accurate,
the leading truncation
error is (Ax)” resulting in
a highly diffusive scheme.

node location

n+1 n n n
qz'+ = {; +u - dt 9., —q; ]
Satisfies Godunov’s Theorem for u-dt <1
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lity of the simulation.

The excessive smoothing significantly degrades the qua
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So we are left with a Goldilocks search ...
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This ¢ is too soft.
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... but (according to the literature) all of
these é are Just right ..

Contents [hide]

1 ULTIMATE-QUICKEST

2 ULTRA-SHARP : Universal Limiter for Thight Resolution and Accuracy in combination with the Simple High-Accuracy Resolution Program (also ULTRA-QUICK)
3 UTOPIA - Uniformly Third Order Polynomial Interpolation Algorithm

4 NIRVANA - Non-oscilatory Integrally Reconstructed Volume-Avaraged Numerical Advection scheme

5 ENIGMATIC - Extended Numerical Integration for Genuinely Multidimensional Advective Transport Insuring Conservation
6 MACHO : Multidimensional Advective - Conservative Hybrid Operator

7 COSMIC : Conservative Operator Splitting for Multidimensions with Internal Constancy

8 QUICKEST - Quadratic Upstream Interpolation for Convective Kinematics with Estimated Streaming Terms

9 AQUATIC - Adjusted Quadratic Upstream Algorithm for Transient Incompressible Convection

10 EXQUISITE - Exponential or Quadratic Upstream Interpolation for Solution of the Incompressible Transport Equation
11 van Leer limiter

12 van Albada

13 OSPRE

14 Chakravarthy-Osher limiter

15 Sweby - limiter

16 Superbee limiter

17 R-K limiter

18 LODA - Local Oscillation-Damping Algorithm

19 van Leer harmonic

20 BSOU

21 MSOU - Monotonic Second Order Upwind Differencing Scheme

22 Koren

23 H-CUI

24 MLU

The point here is twofold:
1) The appropriate transport scheme is problem specific.
2) A tremendous amount of effort has been given to the topic of transport.
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We can broadly think of schemes in one of two ways: the

scheme either limits the flux or the scheme limits the
reconstruction.

In either case, the attempt is to modify ¢ in such a way as
to minimize the diffusivity, maximize the formal accuracy

and guarantee something about the bounds on the resulfing
tracer distribution.

The "guarantees” generally all into one of three categories:
1) monotone (as defined above)
2) total variation diminishing (variance between
adjacent nodes reduces in time).

3) positive definite (just keep it above zero!).
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Approach #1: Limiting the Flux

E—l/Z F+1/2

l

~LOW

L,-+1/2 5 M,-+1/2q,-+1/2 Low-order flux that guarantees, say, monotonicity.

o ~ HIGH A :
H, ..=M g5 High-order flux that we would like to use.

l

i )
E+1/2 =g Li+1/2 7 ¢i+1/2 '(Hi+1/2 o Li+1/2}
T )
F’—1/2 X Li—1/2 B ¢i—1/2 '(Hi—l/z G Li—1/2)

l

0<p<l

The name of the game is to maximize @ while still maintaining some
constraint on the tracer field (e.g. monotonicity). This can be an
iterative procedure (i.e. guess ¢ , find new g, guess new ¢ , ...) or it
can be a deterministic where a suboptimal value of ¢ results.

A final . ~LOW ~HIGH A Jinal ~LOW ~HIGH
Note: Gy = Fiopp I My MING 1 5Gi0070 ) S Gieyn S MAX(G, /25010

| 7 Office of
/6)- “/Los Alamos

w4 Science
AAAAAAAAAAAAAAAAAA
ARTMENT OF ENERGY

U.S. DEPA EsT.1943



O St NCAR Summer Colloquium on Dynamical Cores, June 2-13, 2008 “Los Alamos

NATIONAL LABORATORY
S DR AR O o @ 00900 e e e e L N CRTIRE S R e et e e T e




Approach #2: Limiting the Reconstruction

1447

l
% AN
z Z
3
node location
(Zi(;xi) = <7nneant-+_ Irli(?x:-—laet)
m, = (g, = ¢ P (i =x %)
Selence ““Los Alamos



Using the reconstruction w/o modification

—3 assume a constant velocity
The flux is the “area under the curve.

0 J ;_”"” q;,(A)dA l

If we use the linear reconstruction
without modification, we will have a
2nd-order accurate transport scheme
that will, in general, create new
extrema (i.e. have significant
dispersive error).

The question is how can we limit the
reconstruction in order to maintain, say,
a monotone transport scheme?

u - dt
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Using the reconstruction with limiting

First we generalize our reconstruction ———> assume a constant velocity
with a limiting parameter:

qi(x)ZQmean—l_aimi('x_E) OS(XSI

l

in = min[qz'ﬂaqz"qz'—l]
qmax B maX[QHl ’Qi ’qi—l]

amm — max O, : qmin r qmean
i (mln[qi (x)] o Qmean ]_

amax L O, qmax o Qmean
(max[q,. (X)] 7 )

o, mln[l(x (xmax] &3

min ?
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Putting it all tfogether: Transport with 2D limiting.

Arrival Grid

Departure Grid

Back-trajectories

Flux across arrival grid edge
during dt

Flux is computed via quadrature methods with limiting on the reconstruction to
produce a monotone (or otherwise limited) advection scheme.
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Even if we have the exact edge fluxes (and thus the
exact cell mean tendency), we still have a problem ...

Assume the velocity (black arrrow) is
transporting low concentration tracer
(blue) out of the box and high
concentration tracer (red) into the box.
(assume constant density and nondivergent
flow so that mass drops out).

.
A

total

new

q = I:(Atotal 5 Ared ) qblue + Ared q’”ed

The high concentration tracer coming into the box is immediately
mixed with the the low concentration tracer left in the box.

On the next time step, the (now diluted) high tracer that came in the

left side of the box will exit out the right side of the box, regardless
of the size of the box!
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This mixing occurs because we (generally) only keep track
of the cell mean quantity, so one (rather expensive) way
around this problem is to augment our cell-mean tracer
equation with tracer-moment equations that allow us fo
retain the information that “red” is to the bottom-left.

In addition fo conserving the zeroth-
moment of the tracer field, we also
conserve the first, or maybe even, the
second moments. At this point the
distinction between finite-volume and
discontinuous Galerkin becomes unclear.

q(x,y)=m,K, +m,K, +m,K, +...
KO — 1, KX sl e )_c, KY =Y y <——our orthogonal basis

evolution equations for M, , m, , m, ,...

cell-mean value T T T tracer slope in x,y directions
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And finally, a tie back to Monday's discussion on F=ma and
"slaving” the velocity field to our discrete vorticity equation.
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RECAP: What is the C-grid staggering?

B mass point

northward velocity point

eastward velocity point

vorticity point

Define all prognostic velocity
points as N (as in Normal) to a
mass cell edge. In order tfo
construct a full velocity vector,
N will have be augmented with
T (as in Tangent) to a mass cell
edge, defined positive in the

k cross N direction.

The orthogonality constraint requires the line connecting two mass points fo be
orthogonal to the shared edge (and thus parallel to the projected velocity component.
@—Offlceof
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RECAP: The discrete momentum equation:
everything with an overhat has to be defined

N,
Y :T’jTj_{[gh ghs

@ dc. distance between
iIForward and iBack

© 7], absolute vorticity

T reconstructed, tangent
7 velocity, for here simply
state T, = f(N,).

B gh + ghs + [% sum of potential
and Kinetic energy

eeeeee

Va\

K

i|iF orward

—[gh

I% :|iBack } / dcj

mass point
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The discrete vorticity equation:

taking the curl of the momentum equation.

77 Aj g {[gh W I%:LForward 3 |:gh s I%:LB“CI‘} : dcj}

/%21{

<& d
2 - N | Velnu) =0
ot P ot
Nj
nice analog to continuous equation 72
J

iForward

needs to be determined for use
in the momentum equation.
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Transport-based approach for slaving
velocity to an evolving vorticity field.

1) At t=0, given the velocity field determine absolute vorticity at k points.

2) Reconstruct T velocities (shown in red).

3) Using your favorite transport algorithm, determine ﬁ i N,

4) Use this 7], in the momentum eq.

iForward

At the end of the time step (n
+1), the curl of the velocity field
at n+l plus the Coriolis
parameter is equal (i.e. within

machine round-off error) to the —
N ----
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Summary, 1 of 3

Applying (or choosing) transport algorithms in the context of a full
climate simulation (particularly with chemistry) is still part science and
part art.

On the one hand, high order reconstructions will inevitably lead to
over/under shoots. The primary question to ask is: How will these
over/under shoots impact the chemistry component, the cloud
parameterization and so on. Is the simulation really “accurate” if the
high-order transport algorithm damages the quality of the
parameterizations?

On the other hand, limiting (either via fluxes or reconstruction) will
inevitably lead to something close to lst-order accuracy when the
limiting is active. The primary question to ask is: How important is
enforcing mononicity, positive definite or other bounds on the
transport? Is a smooth simulation of tracer transport worth the
reduction in formal accuracy?

"
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Summary, 2 of 3

Climate simulations with 10 to 100 tracer quanfities are now common, and
the number will only grow in time. There is no reason to think that the
same algorithm fo compute ¢ is appropriate for all tracer fields.
Different schemes, along with different limiting options, will likely lead to
a better overall simulation per computational cost.

If the above is considered, attention needs to be given to insure mass/
tracer consistency for all tracers. Are all fransport methods consistent
with the single mass evolution equation?
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Summary, 3 of 3

Monotone (or otherwise) limited transport schemes add diffusion that is
variable in time and space. A "good” transport scheme will add that
diffusion only when and where it is required. By construction, flux-
limited transport schemes enhance the down-gradient flux.

Many (most?) discrete models of tracer transport include ad hoc
horizontal mixing, such as Laplacian or biharmonic smoothing that are
generally active at all time at all places. The use of flux-limited
transport can reduce the need for ad hoc smoothing.
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(Conjecture): When flux-limited advection schemes are paired with non-
diffusive, back-scattering turbulent closure models (such as the
Lagrangian Averaged Navier Stokes (LANS) closure) we have a robust
(and complete) model of tracer transport at the grid scale. The LANS
model limits the accumulation of power of at the grid scale via
backscattering and the flux-limiting dissipates the remaining power
above some threshold.
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